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Incommensurate ground state of double-layer quantum Hall systems
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Double-layer quantum Hall systems possess interlayer phase coherence at sufficiently small layer separa-
tions, even without interlayer tunneling. When interlayer tunneling is present, application of a sufficiently
strong in-plane magnetic fieldBi.Bc drives a commensurate-incommensurate~CI! transition to an incom-
mensurate soliton-lattice~SL! state. We calculate the Hartree-Fock ground-state energy of the SL state for all
values ofBi within a gradient approximation, and use it to obtain the anisotropic SL stiffness, the Kosterlitz-
Thouless melting temperature for the SL, and the SL magnetization. The in-plane differential magnetic sus-
ceptibility diverges asuBi2Bcu21 when the CI transition is approached from the SL state.

DOI: 10.1103/PhysRevB.63.125305 PACS number~s!: 73.43.Cd, 64.70.Rh, 71.10.Pm, 71.45.Gm
a
l
n-
c

b
e
ve
he

p
i-

er
e
se
th

f
in

em
,

n
e

w
e

od
a

d
e
-
in

al
t

in

nce
ing
d of

e
ped.

site
a

ite-

g-

ure-
of
ates
n-
om-

of
n
ate-

e
an

rec-

ual
f

I. INTRODUCTION

At sufficiently low particle densities and small layer sep
rations, double-layer quantum Hall~2LQH! systems at tota
filling factor unity (nT51) can be described as broke
symmetry states1 that possess interlayer phase coheren
even in the absence of interlayer tunneling.2 The 2LQH sys-
tem can be mapped to an equivalent spin-1/2 system
equating ‘‘up’’ ~‘‘down’’ ! pseudospins with electrons in th
upper ~lower! layer.3–5 ~The electrons are assumed to ha
their real spins polarized.! The exchange energy between t
electrons produces a pseudospin stiffnessrs that seeks to
keep the pseudospins aligned locally. At a finite layer se
rationd, the direct~Hartree! energy produces a local capac
tive charging energy that is minimized when the two lay
have equal electron densities. Thus the expectation valu
the z component of the pseudospin vanishes and the p
dospin system has an ‘‘easy-plane’’ anisotropy that gives
itinerant ferromagnet anXY symmetry4,5 ~in the absence o
interlayer tunneling!. The expectation value of a pseudosp
at locationr can therefore be specified by its angleu(r ) in
the xy plane.

In the absence of interlayer tunneling, the 2LQH syst
picks out a particular global value ofu in the ground state
spontaneously breaking theU(1) symmetry of theXY fer-
romagnet. This gives rise to a linearly dispersing Goldsto
mode at long wavelengths.4,5 Recent measurements of th
zero-bias tunneling conductance in 2LQH systems sho
huge resonant enhancement when interlayer coherenc
present.6 This enhancement is related to the Goldstone m
of the brokenU(1) symmetry, and it has been proposed th
the dispersion of the Goldstone mode can be observe
tunneling conductance measurements by applying a w
parallel magnetic field.7 The XY pseudomagnet also pos
sesses vortex excitations called ‘‘merons’’; unlike those
an ordinary ferromagnet, these vortices are electric
charged, and the lowest-energy charged excitations of
system consist of vorticity-neutral meron pairs.4,5 There is
also a finite-temperature Kosterlitz-Thouless~KT! phase
transition due to theXY symmetry and the finite pseudosp
stiffness of the ferromagnet.
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In the presence of interlayer tunneling, theU(1) invari-
ance associated with conservation of the charge differe
between the two layers is lost. The finite interlayer tunnel
t of the electrons acts as an effective Zeeman pseudofiel
magnitude 2t along the pseudospinx axis and aligns the
pseudospins, so thatu50 in the ground state. The Goldston
mode disappears, and the collective mode becomes gap
In the presence of interlayer tunneling, merons of oppo
vorticity are bound together by a ‘‘string’’ that produces
linear attraction between the merons, eliminating the fin
temperature KT transition.4,8

Murphy et al. investigated the effect of an in-plane ma
netic fieldBi on 2LQH systems.9 By varying Bi and study-
ing the energy gap obtained from activation energy meas
ments of the longitudinal resistivity, they found evidence
a phase transition between two competing QH ground st
at a critical valueBi5Bc . These two ground states are u
derstood in the pseudospin language as being due to a c
petition between the tunneling energyt and the exchange
energy rs .4,5 Read presented an appealing analysis
charged~meron pair! excitations in this system, focusing o
the value of the charge gap near the commensur
incommensurate transition.10

The presence ofBi periodically shifts the phase of th
tunneling matrix elements, resulting in an effective Zeem
field for the pseudospins that rotates along the planar di
tion perpendicular toBi , with a wavelengthf0 /Bid, which
is the distance required to contain one flux quantumf0
5h/e between the layers. The net result is that for grad
variations of the pseudospin texture~gradual on the scale o
the magnetic lengthl[A\/eB', whereB' is the strength of
the magnetic field normal to the plane!, the energy of theXY
pseudospin system has the Pokrovsky-Talapov~PT!
form11–13

E5E d2r F1

2
rs~“u!22

t

2p l 2
cos~u1Q•r !G . ~1.1!

up to a constant, whereQ[(2pd/f0)Bi3 ẑ defines the par-
allel magnetic-field wave vector,
©2001 The American Physical Society05-1
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t5t0e2Q2l 2/4A12mz
2 ~1.2!

is the tunneling energy~where t0 is the tunneling energy
whenQ50),14 and

rs5~12mz
2!rE ~1.3!

is the pseudospin stiffness within the Hartree-Fock Appro
mation~HFA!. Heremz[n12n2 is the layer imbalance, an

rE5
e2

4pe l

1

16p E
0

`

dxx2e2x2/2e2xd/ l ~1.4!

is the interlayer exchange stiffness when the layers are
anced:n15n251/2 ormz50. The layer separation isd, and
n j is the filling factor of layerj.

For smallQ ~small Bi), the ground-state energy is min
mized by having the pseudospins point in the direction of
local ~rotating! pseudospin Zeeman field, so thatu(r )
52Q•r . This is the commensurate ground state, and
minimizes the pseudospin Zeeman~tunneling! energy. How-
ever, it does so at the expense of the exchange energy,
neighboring pseudospins are no longer parallel. In the li
of largeQ, the cost in exchange energy for the pseudosp
to align with the rapidly rotating Zeeman field is prohibitiv
and the pseudospins become~nearly! uniformly polarized
~constantu), just as ift→0. The state with uniformly polar-
ized pseudospin is the large-Q limit of the incommensurate
state. It turns out that for all finiteBi.Bc , the translational
symmetry of the pseudospin polarization is broken, an
soliton-lattice~SL! state is obtained in the incommensura
phase.

The SL phase of the PT model can also undergo a s
rate finite-temperature dislocation-mediated KT transit
that restores the translational symmetry.13 This work focuses
on calculating the ground-state properties of the SL state
all Bi.Bc . Interestingly, it is not necessary to determi
u(r ) in order to calculate the total energy of th
system.12,13,15From the total energy, we calculate thermod
namic quantities such as the SL stiffnesses, extending
results of Ref. 10 for the stiffnesses and the KT tempera
to all Bi . We also calculate the SL contribution to the ma
netization and susceptibility, and discuss some possibili
of measuring these quantities experimentally.

The plan of this paper is as follows. In Sec. II, we discu
the single-soliton solutions that follow from the equation
motion obtained from the PT energy. ForQ.Qc the solitons
proliferate; in Sec. III, the interaction between soliton lines
discussed, and the separation between solitons as a fun
of Q/Qc is derived. In Sec. IV, the compressional and sh
elastic constants are analyzed, and an estimate is made o
Kosterlitz-Thouless temperature for melting the soliton l
tice, as a function ofQ. The interlayer phase coherent 2LQ
state has a diamagnetic response to an applied in-plane
netic field.16 Section V gives a calculation of the in-plan
magnetization due to the 2LQH state, as a function ofQ. We
conclude with a summary of our results.
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II. SINGLE SOLITONS

When Q.Qc , it is convenient to defineũ(r )[u(r )
1Q•r , so that Eq.~1.1! becomes

E5E d2r F1

2
rs~“ ũ2Q!22

t

2p l 2
cosũG . ~2.1!

Minimizing E with respect to variations inũ gives the sine-
Gordon equation:

¹2ũ5
1

j2
sinũ, ~2.2!

where j/ l 5A2prs /t. We shall give numerical values fo
our results for a hypothetical ‘‘typical’’ GaAs~effective
massm* '0.07me and relative dielectric constante r'13)
2LQH sample, which, for the sake of definiteness, we ass
the following sample parameters: total particle areal den
nT51.031011 cm22, layer ~midwell to midwell! separation
d520 nm, and tunneling energyt050.1 meV. Such a
sample would havel'12.6 nm, d/ l'1.6, and\vc'6.9
meV for nT51, and e2/4pe l'8.8 meV. In the HFA,rE
'0.03 meV andj'17 nm.

The commensurate state minimizes the tunneling ene
by having ũ(r )50, so that the phase angleu(r )5Q•r fol-
lows the tumbling Zeeman pseudofield. The energy per a
of this state isrsQ

2/22t/2p l 2. In the limit of largeQ, the
incommensurate state with constantu has a lower energy pe
area, equal to zero. These energies are plotted as solid
dashed lines in Fig. 1. We therefore estimate that there
phase transition near the point where the commensurate-
and the constant-u incommensurate-state energies are equ
at Qj'A2. It turns out, however, that the incommensura
state lowers its energy by breaking translation invariance
that, at finitet andQ.Qc , the value ofũ depends on posi-
tion.

FIG. 1. Energy of the commensurate (C), the constant-u incom-
mensurate (I ), and incommensurate SL~S! phases, vs the paralle
magnetic-field wave vectorQ. For Q>Qc , the SL phase~dotted!
has the lowest energy.
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Equation~2.2! possesses soliton solutions. To see this,
us seek solutions of the form

ũ~r !5 ũ@ ê1•~r2r0!#, ~2.3!

whereê1 could be any unit vector in thexy plane. Then Eq.
~2.2! becomes

]1
2ũ5

1

j2
sinũ. ~2.4!

Note that this equation is equivalent to the equation of m
tion for a pendulum of lengthl, ] t

2f52(g/ l )sinf, if we

replace ũ→f2p, ê1•r→t ~time!, rs→ l , and ~tunneling
amplitude! t/2p l 2→g. This analogy is very useful in finding
the soliton solutions for the PT model. In particular, the pe
dulum can make full circles in a given direction. This corr
sponds to the SL state in the 2LQH system.

In analogy with the pendulum problem, we may define
conserved quantity analogous to the total~kinetic plus poten-
tial! energy of a pendulum:

2c2[ 1
2 j2~]1ũ !22~12cosũ !. ~2.5!

Differentiating Eq.~2.5! with respect toê1•r , and using Eq.
~2.4!, shows that]1c50, so thatc is a constant of the mo
tion. Definingb5 ũ/2 then leads to the equation

]1b56
1

j
Ac21sin2b. ~2.6!

It is straightforward to solve Eq.~2.6! whenc50 by writ-
ing f 5tan(b/2), so that ]1f 56 f /j, giving ũ5 ũss(r ),
where

ũss~r !54 arctan@e6ê1•(r2r0)/j# ~2.7!

represents a single soliton in theê1-direction, centered a
ê1•r0, with width j. This is shown in Fig. 2. Note thatũss(r )
changes by 2p as ê1•r goes from2` to `. This corre-

FIG. 2. At Q5Qc , the system admits a single soliton, in whic

ũ(r ) twists by 2p over a distancej.
12530
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sponds to the motion of a pendulum that just barely co
pletes a full revolution, and whose period goes to infinity

The energy per length of a single soliton may be co
puted by substituting Eq.~2.7! into Eq. ~2.1! and subtracting
the commensurate-state (ũ50) energy, to obtain

Ess

L2
5rsS 8

j
72pê1•QD , ~2.8!

whereL2 is the sample length in the planar direction perpe
dicular to ê1. The lowest~soliton! and highest~antisoliton!
energy solutions occur forê156Q̂. Since solitons in the
2Q̂ directions are equivalent to antisolitons in theQ̂ direc-
tion, we shall speak only about solitons with orientatio
defined byê1. The lowest-energy soliton state hasê15Q̂,
and its energy per length is

Ēss

L2
52prs~Qc2Q!, ~2.9!

which goes to zero whenQ5Qc , where

Qc[
4

pj
5

4

p
A t/rs

2p l 2
. ~2.10!

The value of the critical wave vectorQc will depend on
the layer imbalancemz[n12n2. Equations~1.2! and ~1.3!
give

Qc~mz!5~12mz
2!21/4Qc~0! ~2.11!

in the HFA, whereQc(0) is the value ofQc when the layers
are balanced (mz50). Equation~2.11! implies that the value
of Qc where the CI transition occurs could be fine tuned
adjusting the layer imbalancemz—i.e., by adjusting the gate
voltages on the 2LQH sample. Such a procedure might
very useful in investigating the CI transition.

WhenQ,Qc and t.0, the lowest-energy charged exc
tations are finite-length soliton lines with charged mer
ends—i.e., charged vortices bound by a soliton ‘‘string
whose tension is given by Eq.~2.9!. As Q increases, the
soliton-line ‘‘string tension’’ becomes weaker, so that t
Coulomb repulsion of the merons stretches out the string
lowers the energy of the charged excitation.2 At Q5Qc the
soliton-line ‘‘string tension’’ goes to zero, and it require
zero energy to make infinitely long soliton lines. Since t
creation energy per length for a soliton decreases line
with Q ~with Bi) for Q>Qc , it becomes energetically favor
able to form solitons. The number of solitons created is
termined by the competition between the~negative! creation
energy per soliton versus the repulsive~positive energy! in-
teractions between solitons. Note thatQc,A2/j ~the value
of Q at which commensurate-state and constanu
incommensurate-state energies are equal!, so that for Q
.Qc it is energetically favorable to create solitons. Becau
the solitons are weakly repulsive, the result is a solito
lattice state that we describe below and illustrate in Fig.
An analogous effect occurs in long Josephson junctio
where application of a magnetic field parallel to two sup
5-3
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conducting planes in close proximity produces 2p twists in
the Josephson phase and generates a SL state.17,18

To summarize, forQ,Qc , we obtain the commensurat
phase in whichũ(r )50. ForQ5Qc , we introduce a single
soliton, corresponding to the marginal case of a pendu

FIG. 3. Soliton lattice forQ slightly larger thanQc .
12530
m

that makes exactly one full revolution and has an infin
period of oscillation. ForQ.Qc , we obtain a soliton lattice
corresponding to a pendulum making complete revolutio
in one direction. It has been argued that the commensura
incommensurate soliton-lattice~CI! transition atQ5Qc can
be identified with the phase transition between 2LQH grou
states seen by Murphy and co-workers;4,9 we therefore make
the identificationQc52pBcd/f0.

III. SOLITON LATTICE

We shall now use Eq.~2.6! to determine the SL spacin
Ls. We do this by noting that over one period of the solit
lattice, ũ changes by 2p, so thatb changes byp. We there-
fore expressLs as

Ls

j
5

1

jE2p/2

p/2 db

]1b
52E

0

p/2 db

Ac21sin2b
52hK~h!,

~3.1!

where we have used Eq.~2.6! and have definedh
[1/Ac211, and where
r area
K~h![E
0

p/2 db

A12h2sin2b
→5 lnS 4

A12h2D 1
1

4
~12h2!F lnS 4

A12h2D 21G , h→1

p

2 S 11
1

4
h21

9

64
h4D , h→0

~3.2!

is the complete elliptic integral of the first kind.19 We define the SL wave vectorQs[(2p/Ls)ê1, so that Eq.~3.1! may be
written in terms ofQs[uQsu as

Qs

Qc
5

~p/2!2

hK~h!
. ~3.3!

Note thath→1 corresponds to the CI transition, whereQs→0 andQ→Qc , whereash→0 corresponds to the constant-u
incommensurate state, whereQs→Q→`. From Eqs.~3.3! and ~3.2!, it follows that

h→H 128e22p/Qsj, Qs /Qc→0

S p

2

Qc

Qs
D F12

1

4 S p

2

Qc

Qs
D 2

1
3

64S p

2

Qc

Qs
D 4G , Qs /Qc→`

~3.4!

In order to determine the valueQ̄s of the SL wave vector that minimizes the total energy, we express the energy pe
from Eq. ~2.1! as an integral overb @cf. Eq. ~3.1!#, and obtain

E
L1L2

5
rs

j2 F S 1

2
Q22Q•QsD j21QcQsj

2
E~h!

h
2S 2

h2
21D G→5

1

2
rsQ

22t/2p l 2, Q,Qc

rsF1

2
Q22Q•Qs1QcQs~114e22p/Qsj!21/j2G , h→1

rsF1

2
~Q2Qs!

221/~2Qsj
2!2G , h→0,

~3.5!

where
5-4



INCOMMENSURATE GROUND STATE OF DOUBLE-LAYER . . . PHYSICAL REVIEW B 63 125305
E~h![E
0

p/2

dbA12h2sin2b→5 11
1

2
~12h2!F lnS 4

A12h2D 2
1

2G , h→1

p

2 S 12
1

4
h22

3

64
h4D , h→0

~3.6!
s

T

ac

e
u

p
li

n
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v
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is the complete elliptic integral of the second kind,19 andL1

is the sample length in the planar direction parallel toê1.
Agreement between Eqs.~2.8! and ~3.5! in the thermody-
namic limit is obtained by equatingQs5(2p/L1)ê1, so that
Ls5L1 at Q5Qc .

All the terms in theh→1 limit ~near the CI transition,
where the solitons are well separated! of Eq. ~3.5! have
simple physical interpretations. The first and last term
rs(Q

2/221/j2), constitute the~commensurate-phase! en-
ergy per area of the PT model in the absence of solitons.
second and third terms,rs(QcQs2Q•Qs)are just the
creation energy per area for the solitons in terms of inter
ing soliton lines @see Eq. ~2.9!#. The fourth term,
4rsQcQsexp(22p/Qsj), is the exponentially weak repulsiv
interaction energy per area between the solitons. Beca
Qs/2p51/Ls is the density of soliton lines, the fourth term
shows that, near the CI transiton, the interaction energy
length between two parallel, straight, and infinitely long so
tons lines separated by a distanceLs is

lim
h→1

U

Ly
→8prsQce

2Ls /j. ~3.7!

Hence forQ.Qc soliton lines proliferate rapidly until the
repulsion between the solitons become significant. The
tion of an effective repulsive interaction between sin
Gordon solitons was discussed by Perring and Skyrm15

who obtained the exponentially weak repulsion found abo
The arguments of Ref. 15 implied that when the solitons
close together (Ls /j→0) at largeQ/Qc , the repulsive po-
tential energy per length between soliton lines
(p3/2)rsQc(j/Ls). This latter repulsion is due to bounda
condition thatũ must change by 2p over the small distance
e
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Ls , which implies a large gradient energy.
The value ofQs which minimizes the energy per area@Eq.

~3.5!# is found by setting to zero

]

]Qs
S E
L1L2

D
Q

5rsFQc

E~h!

h
Q̂s2Q,G , ~3.8!

where we have used the identity19

dE

dh
5

E~h!2K~h!

h
. ~3.9!

It is not difficult to show that the second derivative of th
energy per area with respect toQs is always positive; thus
the extremum calculated above is a minimum. It follow
from Eq. ~3.8! that the energy is minimized forQ̂s5Q̂ and
for h5h̄ such that

Q

Qc
5

E~ h̄ !

h̄
, ~3.10!

whereQ[uQu.
We define the CI closeness parameter

e[Q/Qc21, ~3.11!

which vanishes at the CI transition; from Eqs.~3.6! and
~3.10!, it follows that, for h̄→1,

e'S 12h̄

2
D F lnS 8

12h̄
D 11G , ~3.12!

so that, asymptotically,
h̄→H 122e/ ln~1/e!, Qs /Qc→0

S p

2

Qc

Q D F12
1

4 S p

2

Qc

Q D 2

1
5

64S p

2

Qc

Q D 4G , Qs /Qc→`
~3.13!
Equations~3.3! and~3.10! together allow us to determin
the equilibrium SL wave vectorQ̄s(Q) that minimizes the
energy, in terms of the parallel-field wave vectorQ.20 We
have plotted this in Fig. 4. From Eqs.~3.3!, ~3.10!, and
~3.13!, it follows that
Q̄s

Q
5

~p/2!2

K~ h̄ !E~ h̄ !
→H ~p2/2!/ ln~1/e!, Q/Qc→1

12
1

32S p

2

Qc

Q D 4

, Q/Qc→`,

~3.14!
5-5
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where theQ→Qc limit is true asymptotically.10,12,21 We
note, however, that, as found by Pokrovsky and Talapo11

and discussed in Ref. 22, the meandering of soliton line
finite temperature renormalizes the dependence of the
tonline density on the parallel magnetic field, so thatQs

}Ae sufficiently close to the CI transition.
The minimized valueĒ/L1L2 of the energy per area a

Qs5Q̄s is found by using Eqs.~3.5! and ~3.10! in Eq. ~3.6!
to obtain

Ē
L1L2

5
1

2
rsQ

22
t

2p l 2 S 2

h̄2
21D

→5
1

2
rsQ

22t/2p l 2, Q,Qc

2
1

2
rsQc

2~p2/821!, Q/Qc→1

2
t

2p l 2

1

16S p

2

Qc

Q D 2

, Q/Qc→`.

~3.15!

The SL state energy per area is represented by the do
Fig. 1.

Although it is not needed for calculating the stiffnesses
susceptibility of the SL, the SL solution forũ(r ) is given
by18

sin@ 1
2 ~ ũ2p!#5sn†ê1•~r2r0!/hj,h‡, ~3.16!

where sn denotes the sine-amplitude Jacobian elliptic fu
tion with parameterh.19 Near the CI transition, whenQ
→Qc , ũ is very close to being a periodic superposition
single-soliton solutions, spaced apart byL̄ s , so that ũ(r )
'( j ũss(r2 j L̄ s), whereũss(r ) denotes the single-soliton so
lution, Eq.~2.7!. In the SL state, especially away from the C
transition, it is sometimes useful to work with

us~r ![ũ~r !2Q̄s•r5u~r !1~Q2Q̄s!•r , ~3.17!

FIG. 4. Soliton wave vectorQ̄s vs the in-plane magnetic-field

wave vectorQ. As Q→Qc ,Q̄sj;2p/ ln@Qc /(Q2Qc)#.
12530
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because it is periodic in the SL spacing, so thatus(r1L̄ s)
5us(r ), where L̄ s[Q̂s2p/Q̄s . In the limit Q/Qc→`, Q̄s
→Q andus→u→0, so that we may regardus(r ) as a small
quantity. Expressing the sine-Gordon equation@Eq. ~2.4!# in
terms ofus and working to lowest order inus gives“2us

'(1/j2)sin@Q̄s•(r2r0)#, so that

lim
Q→`

us~r !'2S p

4

Qc

Q̄s
D 2

sin@Q̄s•~r2r0!#. ~3.18!

IV. STIFFNESSES OF THE SOLITON LATTICE

The elastic constants of the soliton lattice are given by
stiffness tensorKi j . The change in the energy due to varyin
the spacing between the soliton lines is characterized by
compressional stiffnessK11. The shear stiffnessK22 is asso-
ciated with the change in energy due to shearing the up
and lower ends of the soliton lines in opposite directions, a
is equivalent to a combined rotation and compression.
use the calculated stiffnesses to describe theBi dependence
of the KT temperature10 for the dislocation-mediated KT
melting transition13 of the soliton-lattice.

We calculate the stiffness tensor by two methods. First
calculate the stiffnessKi j that is obtained by differentiating
E/L1L2 in Eq. ~3.5! with respect to thei andj components of
Qs for fixed Q at the extremal, where Eq.~3.8! is zero. Then
we calculate the stiffness tensorK̃ i j obtained by calculating
the effects of fluctuations of the angle variableũ(r ) away
from its ground-state value, Eq.~3.16!.

We begin by calculating the stiffness tensorKi j from the
dependence of the ground-state energy@Eq. ~3.5!# on the
soliton-lattice wave vectorQs . The expressions we obtai
for Ki j by this method have been carried out for all values
Q>Qc , and agree with the results obtained in Ref. 10, in
limit Q→Qc . Because the stiffnesses involve the seco
derivative ofE/L1L2 with respect to the components ofQs at
fixed Q, the terms in Eq.~3.5! that depend explicitly onQ
~including the term2rsQ•Qs that gives the orientationa
dependence of the energy per area! do not contribute toKi j .
Thus

Ki j 5 lim
Qs→Q̄s

]2

]Qsi]Qs j
S E
L1L2

D
Q

5rsQc lim
Qs→Q̄s

]

]Qsi
FQs j

Qs

E~h!

h G
Q

~4.1!

5rs lim
Qs→Q̄s

F S d i j 2
Q̄siQ̄s j

Q̄s
2 D 1

Q̄s

1
Q̄siQ̄s j

Q̄s
2

]

]Qs
G

3FQc

E~h!

h G
Q

, ~4.2!

where we have used Eqs.~3.8! and ~3.10!. SinceQ̄s250, it
follows thatK125K2150.

Using the results of Sec. III, and the identity19
5-6
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dK

dh
5

E~h!

h~12h2!
2

K~h!

h
, ~4.3!

from which it follows that

S dh

dQs
D

Q

52
~p/2!2

Qc

~12h2!

E~h! S Qc

Qs
D 2

, ~4.4!

we find that the compressional elastic constantK11 is equal
to

K11

rs
5 lim

Qs→Q̄s

]

]Q̄s
FQc

E~h!

h G
Q

5
]Q

]Q̄s

5
16~12h̄2!

~Q̄sj!3~Qj!h̄4
→H ~2/p2!e ln2~1/e!, Q/Qc→1

12
3

32S p

4

Qc

Q D 4

, Q/Qc→`.

~4.5!

In the limit Q/Qc→1, when the soliton lines are far apa
K11 is very small@of order e;exp(2Ls/j); see Eq.~3.14!#.
The energy cost of compression very close to the CI tra
tion is due to the exponentially weak intersoliton interacti
energy. The energy per area due to the string tension of
soliton lines~the termrsQcQs) does not contribute toK11,
although it does contribute toK22, as we explain below.

As explained in Ref. 23, soliton lines meander at fin
temperature and are no longer straight; collisions betw
meandering soliton lines produce an effective entropic rep
sion between the solitons, that dominates the exponentia
pulsion at any nonzero temperature, forLs /j sufficiently
large. This effect renormalizes the compressional stiffn
K11 upwards so that it becomes proportional toT2. In the
limit Q/Qc→`, the tunneling term in the PT energy@Eq.
~2.1!# fluctuates on a very short length scale and average
zero, so that Eq.~2.1! becomes the isotropicXY model; thus
one expectsK11 to approach the pseudospin stiffnessrs in
that limit.

From Eqs.~3.10! and~4.1!, it follows that the shear elasti
constantK22 is given by

K22

rs
5

Q

Q̄s

→H ~2/p2!ln~1/e!, Q/Qc→1

11
1

2 S p

4

Qc

Q D 4

, Q/Qc→`.
~4.6!

As expected, the shear stiffnessK22 approaches the pseu
dospin stiffnessrs in the limit Q/Qc→`. But in the limit
Q→Qc , K22 diverges asQc /Q̄s . The origin of this effect is
that the shear motion described byK22 increases the tota
length of the soliton lines. By definition,K22 describes a
shear displacement in whichQs2 changes, whileQs1 remains
12530
i-

he

n
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s

to

fixed: i.e., the solitons lines tilt away from their equilibrium

‘‘vertical’’ ( ê2) direction by a small anglef5Qs2 /Qs ,

while keeping their ‘‘horizontal separation’’ê1•L s5L̄s con-
stant. This shear motion reduces the mean soliton separa
~the separation along the direction perpendicular to the ti

soliton lines! to Ls5L̄scosf, so thatQs→Q̄s /cosf. The
K22 shear corresponds to a global rotation plus a comp
sion of the SL. Packing the solitons lines more closely
gether in a fixed sample area produces more total soliton
length, which costs more soliton-line creation energy.

Because the term2rsQ•Qs that contains the orienta
tional dependence of the energy per area@Eq. ~3.5!# is lin-
early proportional toQs1, it cannot contribute to the stiff-
nesses~which are proportional to second derivatives of t
energy per area with respect to the components ofQs) at all.
It might be supposed that the rotation of the soliton lines t
occurs upon shearing should cost energy, but this is not
because a shear is a combination of rotation and comp
sion, rather than a pure rotation. The creation energy per
of the SL near the CI transition (Q'Qc) is rs(QcQs

2Q•Qs), and consists of two terms. The first ter
(rsQcQs) is just the total line length of the solitons times th
line tension, divided by the total area. The second ter
(2rsQ•Qs) depends explicitly on the anglef betweenQ
andQs , and determines the orientation of the SL becaus
is minimized by choosingQs along Q ~i.e., f50); thus a
different choice of SL orientation~i.e., a pure rotation of the
soliton lines! would cost more energy. Interestingly, the se
ond term in the creation energy is unchanged by a sh
because the energy cost of rotating the soliton lines is exa
offset by the increase in total soliton line length:

2@Q(Q̄s /cosf)#cosf52QQ̄s, independent off. The only
change in the creation energy comes from the first te
which depends only on the density of soliton line

rsQc(Q̄s /cosf). Sufficiently close to the CI transition~i.e.,
whenLs /j@1), the exponentially small interactions may b
neglected in comparison to the creation energy. ForQ→Qc

and small shear (Qs2 /Qs1!1),

E
L1L2

→rsQcQs2t/2p l 2'rsQcFQs1
1

2

Qs2
2

Qs
G2t/2p l 2,

~4.7!

so thatK22→rsQc /Q̄s→` as Q→Qc , in agreement with
the results of Ref. 10.

The fact that bilayer phase-coherent 2LQH states can
hibit a finite-temperature KT transition in the absence of
terlayer tunneling (t→0) was discussed in earlier work.4,5

Although finitet removes the possibility of a KT transition i
the commensurate phase of 2LQH systems by altering
nature of the long-range interaction between vortic
~‘‘merons’’ in this case!,8 the SL phase does support a finit
5-7
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temperature KT transition due to dislocation-mediated m
ing of the SL.13 As discussed in Ref. 10, the KT temperatu
may be estimated as

kBTKT

~p/2!rs
;

1

rs
Adet~Ki j !

5
1

rs
AK11K22

;
4A12h̄2

~Q̄sj!2h̄2
→H ~2/p2!Ae ln3~1/e!, Q/Qc→1

11
13

64S p

4

Qc

Q D 4

, Q/Qc→`,

~4.8!

where we have used the zero-temperature values forKi j that
we calculated previously to make a rough estimate the
temperature. As mentioned earlier, finite-temperature fl
tuation effects can strongly renormalizeK11,23 and may also
effect K22. Our results agree with those of Ref. 10 in t
limit Q→Qc . We have plotted the compressional (K11) and
shear (K22) stiffnesses in Fig. 5, together with the KT tem
perature.

The KT transition would be most easily measured fro
the temperature dependence of the linear response to o
sitely directed currents in each layer. This would requ
double-layer electron devices with layers that could be c
tacted separately. Unfortunately, the leakage currents
duced when the interlayer tunneling is not vanishingly sm
would make it difficult, perhaps impossible, to set up opp
sitely directed currents in each layer. However, because
SL dislocations are electrically charged, it might be possi
that the KT transition could be signaled by an increase in
usual longitudinal resistivityrxx(T), measured in device
with the current flowing in the same direction in both laye
The increase inrxx(T) would originate from the proliferation
of unbound charged dislocations above the transition t
perature.

FIG. 5. Soliton-lattice stiffnessesrx[K11 and ry[K22, and
their geometric mean, which is proportional to the Kosterli
Thouless temperatureTKT .
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We now calculate an alternate stiffness tensorK̃ i j by ex-
amining the effect of deviations of the angle variableũ(r )
from its ground-state value. We writeũ(r )5 ũ0(r )1dũ(r ),
where ũ0(r ) is the ground-state solution that minimizes t
PT energy@Eq. ~2.1!# and therefore satisfies Eq.~2.2!, and
dũ(r ) is the deviation ofũ from its ground-state value. We
do not include dynamics here, because our focus is
ground-state, rather than excited-state, properties. The
energy for ũ is EPT@ ũ01dũ#[EPT@ ũ0#1dH, where EPT,
given by Eq.~2.1!, is the PT energy from which the ground
stateũ0(r ) is determined via Eq.~2.2!, and

dH'
1

2E d2r

2p l 2
@ t cosũ0dũ212p l 2rs~“dũ!2#

5
1

2E d2r

2p l 2
dũ@ t cosũ022p l 2rs“

2#dũ, ~4.9!

where we have kept terms up to quadratic order indũ. There
are no terms linear indũ becauseũ0(r ) is determined by
minimizing EPT with respect to variations inũ. The total
energy is minimized by choosingdũ from among the eigen-
values of the bracketed Schro¨dinger-like operator in Eq.
~4.9!, so that

@ t cosũ022p l 2rs“
2#dũq5Eqdũq . ~4.10!

If we takeBi5Biŷ, so thatQ5Qx̂, then ũ0(r ) depends
only on x, dH is translationally invariant in they direction,
and we may write dũq(r )5exp(iqyy)dũqx

(x). The term

t cosũ0 in Eq. ~4.10! is periodic in thex direction, with a
period ofL̄s . As shown in Ref. 17, whenũ0(r ) has the form
of Eq. ~3.16!, Eq. ~4.10! becomes Lame´’s equation, after a
simple rescaling ofx. Lamé’s equation has three simple so
lutions, two of which have low-energy limits. The first typ
of solution has zero energy and corresponds to a unifo
translation of the vortex lines,dũ}]ũ0 /]x0, wherex0 is the
x component ofr0 in Eq. ~3.16!. Of greatest interest to us i
the type of solutions which have been called ‘‘vortex osc
lations’’ in the context of long Josephson junctions in par
lel magnetic fields.18 From Ref. 18, it follows that in the
long-wavelength limit,

dE
L1L2

5
1

2
~K11qx

21rsqy
2!, ~4.11!

where K11 is equal to the compressional stiffness in E
~4.5!, andqx is the crystal momentum along thex direction.

Although K̃115K11, we find thatK̃225rsÞK22. The rea-
son for the discrepancy betweenK̃22 andK22 is not obvious.
It may be that usingK225Q/Qs for the transverse stiffness i
valid only at very long wavelengthsqy,1/YSL ,24 where
YSL5LsAK22/K11 is Read’s estimate of the minimumy dis-
tance for SL dislocations to interact logarithmically.10 It is
also possible thatK̃22, which is based on a calculation tha
5-8
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assumesdũ is everywhere small, is not able to describe u
form shear, which can move solitons lines far from th
equilbrium positions on the scale of the soliton line thickne
j. The relationship betweenK̃22 and K22 requires further
clarification, including a stronger argument for preferri
K22 over K̃22 in estimating the KT temperature.

V. IN-PLANE MAGNETIZATION

The interlayer phase coherent 2LQH state exhibits an
plane magnetizationM i in the presence of an in-plane ma
netic fieldBi . The in-plane magnetization can be calculati
by differentiating the minimized ground-state energy per v
ume with respect to the parallel magnetic field,

M i52
1

L1L2d

] Ē
]Bi

52
2p

f0
ẑ3

]

]Q S Ē
L1L2

D , ~5.1!

whereĒ/L1L2 is given by Eq.~3.15!. In order to carry out the
differentiation in Eq.~5.1!, we first differentiate Eq.~3.10!
with respect toQ, and make use of Eq.~3.3!, to obtain

]h̄

]Q
52S 2

p D 2

h̄3
Q̄s

Qc
2 ~11Q2l 2/4!. ~5.2!

We note here that theQ2l 2/4 term in Eq.~5.2! arises from
differentiating Qc in Eq. ~3.10! with respect toQ; the Q
dependence ofQc is due to the dependence of the tunneli
matrix element on the parallel magnetic field,t
5t0 exp(2Q2l2/4), which is a single-particle effect.14 The
tunneling part of the equilibrium energy per area will al
give a contribution to the in-plane magnetization prop
tional to ]t/]Q, again due to dependence oft on Q. It is
convenient to separateM i into two parts:M i[MSL1M t ,
whereMSL is calculated at fixedt (t independent ofQ), and
M t arises from theQ dependence oft.

Using Eqs.~5.1! and ~5.2! it is straightforward to show
that the SL contribution to the parallel magnetization is

MSL52M0ẑ3~Q2Q̄s!/Qc , ~5.3!

where

M0[2prsQc /f0;0.5 A/m ~5.4!

sets the scale of the SL magnetization, and the nume
estimate ofM0 is given for the ‘‘typical’’ GaAs sample de
scribed in Sec. II. For such a sample,

M0d52prsQcd/f0;1028 A ~5.5!

sets the scale of the SL magnetic moment per unit area. T
magnetometers with sensitivities in the range of 10214

210212 A m2 would require sample areas in the range o
mm2 and 1 cm2 to measureMSL . The magnitude of the SL
magnetization behaves like

UMSL

M0
U→H 12~p2/2!/ ln~1/e!, Q/Qc→1

p

64S p

2

Qc

Q D 3

, Q/Qc→`.
~5.6!
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The SL magnetization may also be calculated direc
from the pseudospin supercurrent density,5 Jzz[J12J2
5(2rs /\)¹u, and the definition of the magnetic momen
The electrical currentI in layers 1 and 2 is

I5I152I25Ly~ers /\!~¹ũ2Q!. ~5.7!

The magnetization produced by the above current
therefore25

MSL5
1

LxLyd
ẑ3E E I

c
dxdz5

ers

\
ẑ3

1

Lx
E

0

Lx
~¹ũ2Q!dx

52
ers

\
ẑ3~Q2Q̄s!, ~5.8!

in agreement with Eq.~5.3!.
The 2LQH interlayer phase-coherent state may be

garded as a pseudospin-channel superconductor.5 The mag-
netization M i is due to pseudospin supercurrents, cor
sponding to electrical currents traveling in oppos
directions in each layer, which partially screenBi . For Q
,Qc , Bi is maximally excluded from the region between t
planes; but whenQ>Qc , additionalBi penetrates the region
between the plates in the form of solitons that each carr
single flux quantumf05h/e ~corresponding to a phas
changeDũ52p), leading to a precipitous decline in th
magnetization. The direction ofM i is opposite toBi , in
accord with Lenz’s law. An exactly analogous effect occu
for magnetic fields applied parallel to narrow insulating r
gions ~Josephson junctions! between superconductors.

The contribution to the magnetization due to theQ depen-
dence of the tunneling matrix elementt is

M t52
1

2 S l

j D 2

M0ẑ3F S 2

h̄2
21D Q

Qc
2

1

2 S 4

p

Q

Qc
D 2Q̄s

Qc
G .

~5.9!

In the commensurate phase,M t52(M0/2)(l /j)2ẑ3Q/Qc ,
and the magnitude of the tunneling contribution to the pa
lel magnetization behaves like

UMt

M0
U→ 1

2 S l

j D 2H 124/ln~1/e!, Q/Qc→1

1

2
~p/4!2~Qc /Q!, Q/Qc→`.

~5.10!

The SL magnetization is plotted in Fig. 6. It is useful
compare the total SL magnetizationM0 to the scale of the
Landau diamagnetism in anT51 2LQH system,

M0

~n/d!mB*
5

M0f0d

mB* B'

516
d

j

rs

\vc
;0.1, ~5.11!

wheremB* 5e\/2m* is the effective Bohr magneton, and w
have made use of the parameters for the ‘‘typical’’ Ga
sample described in Sec. II. This shows that the SL mag
tization is expected to be roughly an order of magnitu
smaller than the Landau diamagnetism. It is interesting
5-9
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note that the weak signals associated with orbital diamag
tism in two-dimensional electron systems have been m
sured at high magnetic fields by torsional magnetometr26

superconducting quantum interference dev
magnetometry,27 and micromechanical cantileve
magnetometry.28 The torque on the 2LQH sample in th
presence of both a perpendicular and parallel magnetic
has both a Landau-diamagnetic componentt'

5(LxLyd)M'Bi and a SL component,t i5(LxLyd)M iB'.
The smallness of the parallel momentM i is offset by the
large perpendicular magnetic fieldB' in the expression for
the torquet i . The SL magnetizationMSL might also be
measured using high-field magnetometry techniques m
tioned above.

It follows from Eq. ~5.1! that whenM i is plotted against
Bi , the area under the resulting curve fromBi50 to Bi
5` is

E
0

`

M idBi5
1

LxLyd
@ Ē~Bi5`!2 Ē~Bi50!#5S t^mx&

2p l 2d
D

Bi50

,

~5.12!

where ^mx& is the ground-state expectation value of thex
component of the pseudospin order parameter, which h
value ofA12mz

2 in the HFA, so that̂ mx&51 ~in the HFA!
when the layers are balanced (mz50). Thus the area unde
theM i versusBi curve may be regarded either as a measu
ment of t ~if quantum fluctuations in the ground state a
neglected!, or as a measure of order-parameter suppres
~of mx) due to quantum fluctuations29 ~if t can be measured
separately!.

Equations ~5.3! and ~3.14! show that MSL52M0ẑ
3Q/Qc52(x0 /m0)Bi in the commensurate phase (Q
,Qc), wherex0[m0(2p/f0)2rsd sets the scale of the S
contribution to the magnetic susceptibility. The SL contrib
tion to the parallel-field magnetic susceptibility is defined
fixed t ~independent ofQ):

FIG. 6. SL contribution to the magnetization, which is propo

tional to (Q2Q̄s), and therefore drops precipitously forQ.Qc .
12530
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xSL[m0S ]MSL

]Bi
D

t

5m0

2pd

f0
S ]MSL

]Q D
t

5x0S 12
]Q̄s

]Q
D

t

5x0S 12
rs

K11
D

→x0H 1, Q/Qc,1

2~p2/2!/@e ln~1/e!#, Q/Qc→11

2
3

2 S p

4

Qc

Q D 4

, Q/Qc→`,

~5.13!

where we have used Eqs.~3.10! and ~4.5!,

x0[m0~2p/f0!2rsd54pa2e r

d

l S rs

e2/4pe l
D ;331027,

~5.14!

and the numerical estimate ofx0 is given for the ‘‘typical’’
GaAs sample described in Sec. II. Herea'1/137 is the fine-
structure constant. We plot the susceptibility in Fig. 7. No
that near the CI transition, the susceptibility diverges li
1/(Q2Qc), with logarithmic corrections.

It might be possible to measure the SL magnetization
even the SL magnetic susceptibility by varying the gate vo
ages of the sample, in order to adjustQc and tune close to
the CI transition. MeasuringxSL might be possible using a
modulation of the gate voltages in order to ac modulate
layer imbalancemz and therefore the critical wave vecto
Qc . By such a method, the ratioQ/Qc could be ac modu-
lated just above and below unity, allowingxSL to be deter-
mined at or near the CI transition. As an example, we co
pute here that part of]MSL /]mz which is proportional toxSL

FIG. 7. SL contribution to the magnetic susceptibility, whic
diverges as 1/(Q2Qc)ln@Qc /(Q2Qc)# for Q→Qc .
5-10
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]MSL

]mz
;

]Qc

]mz

]MSL

]Qc

;2
]Qc

]mz

Q

Qc

]MSL

]Q

52
1

m0

f0

2pd

]Qc

]mz

Q

Qc
xSL5

mz

12mz
2

M0

2

Q

Qc
S rs

K11
21D ,

~5.15!

where we have used Eq~2.11! in the last line. Equation
~5.15! shows that]MSL /]mz has a contribution proportiona
to xSL , which diverges likers /K11 near the CI transition.
However, Eq.~5.15! vanishes for balanced layers (mz50);
thus layer imbalance is required to measure]MSL /]mz . It
turns out that when the layers are not balanced (mzÞ0), the
solitons have a nonzero electric dipole moment per lengt30

this changes the intersoliton repulsion from being expon
tially weak to being a power law. The net result is that t
stiffnessK11 near the CI transition is strengthened from b
ing essentially linear in (Q2Qc) to being proportional to
AQ2Qc, so that the divergence inxSL becomes an invers
square-root singularity. In real samples, we expect this
gularity to be smoothed out by finite temperature and dis
der.

In practice,mz is varied by adjusting gate voltages. For
small changedVG in a gate voltage away from balanc
(mz50), the changedmz in the layer imbalance is linearly
proportional todVG . For the ‘‘typical’’ GaAs sample de-
scribed in Sec. II, a rough estimate indicates that

dmz;
2dVG

eDGnT /~e re0!
;3dVG /V, ~5.16!

if we takeDG51026 m to be the distance between the ga
and the double layers. There is an additional complication
changing the layer imbalance by adjusting one of the g
voltages. Unless both the back and front gates are adju
together in a coordinated way, the change in gate volt
dVG will also change the total filling factornT by an amount
dnT , where

dnT;
dVG

eDGnT /~e re0!
;1.5dVG /V, ~5.17!

if DG51026 m.

VI. SUMMARY

In the presence of a sufficiently strong parallel magne
field, a nT51 2LQH device undergoes a transition to a S
state. We have investigated the ground-state properties o
SL state for all values of the parallel magnetic field, with
eye toward possible experimentally measurable effects.
12530
-

-

-
r-

in
te
ed
e

c

he

We found that the SL contribution to the orbital magne
zation rises in the commensurate phase (Q,Qc) with Q, and
quickly drops to zero in the incommensurate phaseQ
.Qc). An estimate of the size of the SL magnetizatio
shows that it could be detected by sensitive magnetom
techniques.26–28The SL magnetic susceptibility shows a si
gularity atQ5Qc , and it was proposed that this signature
the CI transition might be detected by varying the gate vo
ages so as tune close to the CI transition.

The longitudinal and transverse SL stiffnesses were co
puted and used to estimate the temperature of the KT tra
tion, which might be indicated experimentally by an increa
in rxx at the transition. A more sensitive signal of the K
transition would be obtained by measuring the transresis
ity ~Coulomb drag! as a function of temperature, althoug
this would require separately contactable layers. Howe
the leakage currents produced by any sizable interlayer
neling might make it impractical to set up oppositely direct
currents in each layer.

In this paper, we have largely neglected the existence
disorder. As pointed out by Fisher31 and discussed by
Read,10 randomness in the tunnelingt, due, for example, to
small variations in the barrier thickness, pins the SL dom
walls randomly and destroys the long-range order, no ma
how weak the randomness. This puts limits on how closelQ
can approachQc — i.e., how smalle can be.

We have not discussed here the dynamics of the solit
— i.e., the motion of individual solitons32 or the collective
motion of the SL~Ref. 33!—which also produce experimen
tal signatures of the incommensurate SL state. We have
cused instead on ground-state properties. One of us ha
cently found that when the layer densities are made une
by adjusting the gate voltages of the device~keeping the total
filling factor equal to one!, the layer densities in the SL stat
become ‘‘rippled,’’ resulting in a dipole density wave.30 Pre-
liminary calculations show that the sudden onset of suc
rippled SL state may give large contributions to the differe
tial capacitance of 2LQH systems, especially for the int
layer capacitance~‘‘Eisenstein ratio’’!.34,35 Further work on
the properties of the rippled state is in progress, but it may
that sensitive measurements of differential capacitance in
balanced (n1Þn2) 2LQH systems could detect the CI tran
sition.
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