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Incommensurate ground state of double-layer quantum Hall systems
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Double-layer quantum Hall systems possess interlayer phase coherence at sufficiently small layer separa-
tions, even without interlayer tunneling. When interlayer tunneling is present, application of a sufficiently
strong in-plane magnetic fielB|>B, drives a commensurate-incommensuréd$) transition to an incom-
mensurate soliton-latticéSL) state. We calculate the Hartree-Fock ground-state energy of the SL state for all
values ofB; within a gradient approximation, and use it to obtain the anisotropic SL stiffness, the Kosterlitz-
Thouless melting temperature for the SL, and the SL magnetization. The in-plane differential magnetic sus-
ceptibility diverges a$B”ch|’1 when the CI transition is approached from the SL state.
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[. INTRODUCTION In the presence of interlayer tunneling, tb€1) invari-
ance associated with conservation of the charge difference

At sufficiently low particle densities and small layer sepa-between the two layers is lost. The finite interlayer tunneling
rations, double-layer quantum H&RLQH) systems at total t of the electrons acts as an effective Zeeman pseudofield of
filling factor unity (vy=1) can be described as broken- magnitude 2 along the pseudospir axis and aligns the
symmetry statdsthat possess interlayer phase coherencepseudospins, so th&t=0 in the ground state. The Goldstone
even in the absence of interlayer tunnelfighe 2LQH sys- mode disappears, and the collective mode becomes gapped.
tem can be mapped to an equivalent spin-1/2 system bin the presence of interlayer tunneling, merons of opposite
equating “up” (“*down” ) pseudospins with electrons in the vorticity are bound together by a “string” that produces a
upper (lowen layer3=° (The electrons are assumed to havelinear attraction between the merons, eliminating the finite-
their real spins polarizedThe exchange energy between the temperature KT transitiof®
electrons produces a pseudospin stiffnpgghat seeks to Murphy et al. investigated the effect of an in-plane mag-
keep the pseudospins aligned locally. At a finite layer sepanetic fieldB; on 2LQH systems.By varying B and study-
rationd, the direct(Hartreg@ energy produces a local capaci- ing the energy gap obtained from activation energy measure-
tive charging energy that is minimized when the two layersments of the longitudinal resistivity, they found evidence of
have equal electron densities. Thus the expectation value @af phase transition between two competing QH ground states
the z component of the pseudospin vanishes and the psewt a critical valueBj=B.. These two ground states are un-
dospin system has an “easy-plane” anisotropy that gives thélerstood in the pseudospin language as being due to a com-
itinerant ferromagnet aXY symmetry® (in the absence of petition between the tunneling energyand the exchange
interlayer tunneling The expectation value of a pseudospinenergy ps.*® Read presented an appealing analysis of
at locationr can therefore be specified by its anglg) in charged(meron paiy excitations in this system, focusing on

thexy plane. the value of the charge gap near the commensurate-
In the absence of interlayer tunneling, the 2LQH systemincommensurate transitiofl.
picks out a particular global value @f in the ground state, The presence oB) periodically shifts the phase of the

spontaneously breaking thé(1) symmetry of theXY fer-  tunneling matrix elements, resulting in an effective Zeeman
romagnet. This gives rise to a linearly dispersing Goldstondield for the pseudospins that rotates along the planar direc-
mode at long wavelengts. Recent measurements of the tion perpendicular td3), with a wavelengthp,/Bd, which
zero-bias tunneling conductance in 2LQH systems show & the distance required to contain one flux quantgm
huge resonant enhancement when interlayer coherence ish/e between the layers. The net result is that for gradual
presenf This enhancement is related to the Goldstone modeariations of the pseudospin textuigradual on the scale of

of the brokenU (1) symmetry, and it has been proposed thatthe magnetic length=\%/eB, , whereB, is the strength of
the dispersion of the Goldstone mode can be observed ithe magnetic field normal to the plan¢he energy of thXY
tunneling conductance measurements by applying a weakseudospin system has the Pokrovsky-TalapRT)
parallel magnetic field. The XY pseudomagnet also pos- form!'-13
sesses vortex excitations called “merons”; unlike those in

an ordinary ferromagnet, these vortices are electrically

charged, and the lowest-energy charged excitations of the g:J d?r
system consist of vorticity-neutral meron pdirsThere is

also a finite-temperature Kosterlitz-Thoule§sT) phase .
transition due to th&'Y symmetry and the finite pseudospin up to a constant, whe®= (27d/ ¢,) B z defines the par-
stiffness of the ferromagnet. allel magnetic-field wave vector,

1 (V&)Z—Lcos{(ﬂQ r) (1.2
293 2l . .
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t=toe 1741 m? (1.2) 15
C—phase
) . . . ® S—phase
is the tunneling energywhere ty is the tunneling energy ——— I-phase
whenQ=0),** and 1
Oy :_.__;__.__Q__C_'.__!D
2 {
ps=(1—mz)pe 1.3 &)
is the pseudospin stiffness within the Hartree-Fock Approxi- 0.5
mation(HFA). Herem,= v, — v, is the layer imbalance, and
2
e 1 (= 5
— —X4/124—xd/l . .
PE™ 4mel 167 fo dxxe e (1.4 %0 1.0 2.0 3.0
0,

is the interlayer exchange stiffness when the layers are bal- -5 ¢ Energy of the commensura@)( the constant incom-

anced.v; = v,=1/2 orm,=0. The layer separation & and  ensyrate (), and incommensurate SIS phases, vs the parallel

v is the filling factor of layer. ~_ magnetic-field wave vectd®. For Q=Q,, the SL phasédotted
For smallQ (small B), the ground-state energy is mini- has the lowest energy.

mized by having the pseudospins point in the direction of the

local (rotating pseudospin Zeeman field, so tha(r) Il. SINGLE SOLITONS
=—Q-r. This is the commensurate ground state, and it _
minimizes the pseudospin Zeemduanneling energy. How- When Q>Q., it is convenient to defined(r)=6(r)

ever, it does so at the expense of the exchange energy, singeQ-r, so that Eq(1.1) becomes

neighboring pseudospins are no longer parallel. In the limit

of large Q, the cost in exchange energy for the pseudospins

to align with the rapidly rotating Zeeman field is prohibitive, E= f d?r

and the pseudospins becorfreearly uniformly polarized

(constanty), just as ift—0. The state with uniformly polar- _ o - )

ized pseudospin is the large-limit of the incommensurate Minimizing £ with respect to variations i@ gives the sine-

state. It turns out that for all finit8>B,, the translational ~Gordon equation:

symmetry of the pseudospin polarization is broken, and a

soliton-lattice(SL) state is obtained in the incommensurate 1 -

phase. Vz‘é=—28m0, (22)
The SL phase of the PT model can also undergo a sepa- 3

rate finite-temperature dislocation-mediated KT transitior\N . .
) ) here &/l = y2mpg/t. We shall give numerical values for
that restores the translational symméttiThis work focuses our results for a hypothetical “typical” GaAgeffective

on calculating the ground-.stgte properties of the SL state, forrnassm*~0.07me and relative dielectric constar~13)
all B>B,. Interestingly, it is not necessary to determine

o(r) in order to calculate the total energy of the 2LQH sample, which, for the sake of definiteness, we assign

system21315Er0m the total energy, we calculate thermody_the following sample parameters: total particle areal density

; - . : ny=1.0x 10" cm~2, layer (midwell to midwel) separation
namic quantities such as the SL stiffnesses, extending th —20 nm, and tunneling energy,=0.1 meV. Such a

results of Ref. 10 for the stiffnesses and_the_ KT temperaturtgamlole would havd~12.6 nm,d/I~1.6, andfw,~6.9
to all B;. We also calculate the SL contribution to the Mag- v/ for p-=1. ande/drel~8.8 meV. In the HEA
netization and susceptibility, and discuss some possibilitiei0 03 me\T/ an,dgm 17 nm ' ' PE
of measuring these quantities experimentally. ’ : T .

The plan of this paper is as follows. In Sec. I, we discuss The'conensurate state minimizes the tunneling energy
the single-soliton solutions that follow from the equation of BY havingé(r)=0, so that the phase angtgr)=Q-r fol-
motion obtained from the PT energy. FQr> Q. the solitons Iows-the tumplmg 2Zeeman gseudoflelq. .The energy per area
proliferate; in Sec. I, the interaction between soliton lines isOf this state ispsQ*/2—t/2ar1%. In the limit of largeQ, the
discussed, and the separation between solitons as a functififommensurate state with constahhas a lower energy per
of Q/Q, is derived. In Sec. IV, the compressional and shea'®2, €qual to zero. These energies are plotted as solid and
elastic constants are analyzed, and an estimate is made of tHg@shed lines in Fig. 1. We therefore estimate that there is a
Kosterlitz-Thouless temperature for melting the soliton lat-Phase transition near the point where the commensurate-state
tice, as a function oQ. The interlayer phase coherent 2LQH and the constan-incommensurate-state energies are equal,
state has a diamagnetic response to an applied in-plane ma-Qé~ 2. It turns out, however, that the incommensurate
netic field® Section V gives a calculation of the in-plane State lowers its energy by breaking translation invariance, so
magnetization due to the 2LQH state, as a functio@ofVe  that, at finitet andQ>Q,., the value of¢ depends on posi-
conclude with a summary of our results. tion.

L (V6—Q)? ! 0 (2.2
= — ———CO0S/{|. .
2Ps 2712
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FIG. 2. AtQ=Q., the system admits a single soliton, in which
?(r) twists by 27 over a distancé.

Equation(2.2) possesses soliton solutions. To see this, let

us seek solutions of the form

o) ="0le,-(r-ro)l, 23
wheree, could be any unit vector in they plane. Then Eq.
(2.2) becomes

1

920= ?sinb. (2.49)

Note that this equation is equivalent to the equation of mo-

tion for a pendulum of length, at2¢=—(gll)sin¢, if we
replace 9— ¢—, €-r—t (time), ps—I, and (tunneling
amplitude t/27712>—g. This analogy is very useful in finding
the soliton solutions for the PT model. In particular, the pen

dulum can make full circles in a given direction. This corre-

sponds to the SL state in the 2LQH system.

In analogy with the pendulum problem, we may define a

conserved quantity analogous to the tdfahetic plus poten-
tial) energy of a pendulum:

2c?=3£2(9,6)%— (1—cosb). (2.5

Differentiating Eq.(2.5) with respect tce; -r, and using Eq.
(2.4), shows that;c=0, so thatc is a constant of the mo-
tion. Defining3="0/2 then leads to the equation

1

E\/C +sin B.
It is straightforward to solve Eq2.6) whenc=0 by writ-

ing f=tan(8/2), so thatd,f==f/& giving 6="0r),

where

B.(r)=4 arctafie=® (~10/¢] 2.7

represents a single soliton in theg-direction, centered at
é1~ r'o, With width &. This is shown in Fig. 2. Note tha#tJr)
changes by # ase;-r goes from—o to «. This corre-
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sponds to the motion of a pendulum that just barely com-

pletes a full revolution, and whose period goes to infinity.
The energy per length of a single soliton may be com-

puted by substituting Eq2.7) into Eq.(2.1) and subtracting

the commensurate-staté<0) energy, to obtain

8

3

whereL, is the sample length in the planar direction perpen-
dicular to él. The lowest(soliton) and highestantisolitor
energy solutions occur fog, =+ Q. Since solitons in the
—Q directions are equivalent to antisolitons in tQedirec-
tion, we shall speak only about solitons with orientations
defined bye,. The lowest-energy soliton state hes=0,
and its energy per length is

ESS

L, (2.9

Pl

IZﬂTé]_Q),

gss_
L__zﬂps(Qc_Q): (2.9
2
which goes to zero whe®=Q., where
4 4 [tlpg
w7 N om? 210

The value of the critical wave vect@. will depend on
the layer imbalancen,=v,;— v,. Equations(1.2) and (1.3
give

Qc(my) =(1—-mZ) 4Q,(0) (2.1

in the HFA, whereQ.(0) is the value ofQ.; when the layers
are balancedr,=0). Equation(2.11) implies that the value

of Q. where the CI transition occurs could be fine tuned by
adjusting the layer imbalanga,—i.e., by adjusting the gate
voltages on the 2LQH sample. Such a procedure might be
very useful in investigating the CI transition.

WhenQ<Q. andt>0, the lowest-energy charged exci-
tations are finite-length soliton lines with charged meron
ends—i.e., charged vortices bound by a soliton “string”
whose tension is given by Ed2.9). As Q increases, the
soliton-line “string tension” becomes weaker, so that the
Coulomb repulsion of the merons stretches out the string and
lowers the energy of the charged excitatfoAt Q=Q, the
soliton-line ‘“string tension” goes to zero, and it requires
zero energy to make infinitely long soliton lines. Since the
creation energy per length for a soliton decreases linearly
with Q (with B) for Q=Qc, it becomes energetically favor-
able to form solitons. The number of solitons created is de-
termined by the competition between tfregative creation
energy per soliton versus the repulsiymsitive energyin-
teractions between solitons. Note ti@¢< 2/¢ (the value

of Q at which commensurate-state and constant-
incommensurate-state energies are equsd that for Q

> Q. it is energetically favorable to create solitons. Because
the solitons are weakly repulsive, the result is a soliton-
lattice state that we describe below and illustrate in Fig. 3.
An analogous effect occurs in long Josephson junctions,
where application of a magnetic field parallel to two super-
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5.0 . ' ' that makes exactly one full revolution and has an infinite
period of oscillation. FoQ>Q., we obtain a soliton lattice,
40 L i corresponding to a pendulum making complete revolutions
in one direction. It has been argued that the commensurate to
incommensurate soliton-lattid€l) transition atQ= Q. can
30 1 1 be identified with the phase transition between 2LQH ground
g states seen by Murphy and co-workéraye therefore make
20 L . the identificationQ.=27B:d/ ¢,.
10 | J IIl. SOLITON LATTICE
We shall now use Eq2.6) to determine the SL spacing
0.0 : . ' L. We do this by noting that over one period of the soliton
~100.0 -50.0 0.0 50.0 100.0

e lattice, ® changes by 2, so thatg changes byr. We there-
fore expresd ¢ as
FIG. 3. Soliton lattice forQ slightly larger tharQ,. .

LS 1 (w2 dIB ) w2 dﬁ 5 K( )
conducting planes in close proximity produces Bwists in & E) B o JZremg NV
the Josephson phase and generates a SL'ét%te. ! A 3.1)

To summarize, foQ<Q., we obtain the commensurate

phase in whichd(r)=0. ForQ=Q., we introduce a single Where we have used Eq(2.6) and have definedy
soliton, corresponding to the marginal case of a penduluns= 1/{/c?+1, and where

, n—1

|

, 17—0

4 1
« )sz/z a3 B In( \/1__772)+1(1—772)
T o 1= psirp W(l 1

. 3.2
-2, - 4
AR AL

is the complete elliptic integral of the first kifd.We define the SL wave VeCt@sE(Z’?T/LS)él, so that Eq.(3.1) may be
written in terms ofQ.=|Q| as

%_ (77/2)2
Qc - 7K(n)"

Note thatp— 1 corresponds to the ClI transition, whePg—0 andQ—Q., whereasp—0 corresponds to the constaft-
incommensurate state, whe@g— Q—o0. From Egs.(3.3) and(3.2), it follows that

(3.3

1-8e 7275 Q4/Q.—0

n—13 [ 7 Qe 1/7Q:\? 3 [mQ.\* (3.4
(5@)[1_2(5@) +@(5@) } Qs Qe

In order to determine the vaIL(ES of the SL wave vector that minimizes the total energy, we express the energy per area
from Eg.(2.1) as an integral oveg [cf. Eq. (3.1)], and obtain

r

%pst—t/ZﬂZ, Q<Qq
£ s/ (1 E 2 1 -
L1L2:§ (EQZ‘Q'Qs §2+QcQs§2%—<?—1H—>< pS[EQZ—Q-Qs+QcQs(1+4e 2’T’ng)—llfz}, 7—1
1
k/Os,[g(Q—Qs)z—1/(2Qs§2)2}, 7—0,
(3.9
where
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1+1(1 A1 ( 4 ) ! 1

5(1=7%|In —5 n—

wl2 : 2 Ji—n2] 2

E(n)zfo dBV1— n°sirtB— . . K (3.6
L R R
5 27 " 6a” ) 7—0

is the complete elliptic integral of the second kiticgnd L ; L, which implies a large gradient energy.
is the sample length in the planar direction parallelefo The value ofQ, which minimizes the energy per argq.
Agreement between Eq¢2.8) and (3.5) in the thermody- (3.5]is found by setting to zero

namic limit is obtained by equatin@sz(Zw/Ll)él, so that

LS:Ll atQ:Qc- J £ E( )
All the terms in thep—1 limit (near the CI transition, ( ) :PS[QC—WQS—Q,}, (3.9
where the solitons are well separatesf Eq. (3.5 have dQs\ Lil 0 n
simple physical interpretations. The first and last terms,
ps(Q%2—1/¢%), constitute the(commensurate-phasen-  \yhere we have used the identity
ergy per area of the PT model in the absence of solitons. The
second and third termspy(Q.Qs—Q-Q )are just the dE E(7)—K(n)
creation energy per area for the solitons in terms of interact- ﬁ: T (3.9

ing soliton lines [see Eg. (2.9]. The fourth term,
4p,Q.Qexp(—27/QE), is the exponentially weak repulsive |t is not difficult to show that the second derivative of the
interaction energy per area between the solitons. Becausmergy per area with respect @ is always positive; thus
Q42w =1/Lg is the density of soliton lines, the fourth term the extremum calculated above is a minimum. It follows
shows that, near the CI transiton, the interaction energy p&tom Eq. (3.8 that the energy is minimized fa@,= 0 and
length between two parallel, straight, and infinitely long SO"'for nzgsuch that

tons lines separated by a distariceis

Q_Em (310
. —Lglé Qc n
lim L——>87TpSQCe s'¢, (3.7
71Ty whereQ=|Q].

We define the CI closeness parameter

Hence forQ>Q, soliton lines proliferate rapidly until the

repulsion between the solitons become significant. The no- e=Q/Q.—1, (3.11

tion of an effective repulsive interaction between sine- ) N

who obtained the exponentially weak repulsion found above(3.10), it follows that, for —1,

The arguments of Ref. 15 implied that when the solitons are

close togetherl(;/£—0) at largeQ/Q., the repulsive po- 1-79 8

tential energy per length between soliton lines is e~|——/|In e +1, (3.12

(7312)psQ.(&/Ly). This latter repulsion is due to boundary n

condition thatd must change by 2 over the small distance so that, asymptotically,

1-2€lIn(1le), Qg/Q.—0
;—> 7 Qc 1(7 Q. 2 5w Qc 4
F3l3E3) sz g ] ave

(3.13

64

Equations(3.3) and(3.10 together allow us to determine _ (m?12)/In(1le), QIQ.—1

the equilibrium SL wave vecto®4(Q) that minimizes the gs: (ml2)? N 17 Q,\*
energy, in terms of the parallel-field wave vec®r?® We Q K(;) E(;) 1— —(— —C) . Q/Qg—0e,
have plotted this in Fig. 4. From Eqg$3.3), (3.10, and 3212 Q

(3.13, it follows that (3.19
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FIG. 4. Soliton wave vectof) vs the in-plane magnetic-field
wave vectorQ. As Q—Q.,Qsé~27/In[Q./(Q—QJ)]-

where theQ—Q, limit is true asymptotically*1%2! wWe
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because it is periodic in the SL spacing, so tH@(trJrL_s)
=64(r), whereL=027/Qs. In the limit Q/Q,—=, Qs
—Q and #;— 6—0, so that we may regaré(r) as a small
guantity. Expressing the sine-Gordon equafigg. (2.4)] in
terms of 6 ind working to lowest order i gives V26

~(1/£%)siNQq- (r—r)], so that

m Q 2
lim as(r)~—(23°) sifQq (r—rg)].  (3.18

Q—e s

IV. STIFFNESSES OF THE SOLITON LATTICE

The elastic constants of the soliton lattice are given by the
stiffness tensoK;; . The change in the energy due to varying
the spacing between the soliton lines is characterized by the
compressional stiffneds,,. The shear stiffnesi,, is asso-
ciated with the change in energy due to shearing the upper
and lower ends of the soliton lines in opposite directions, and
is equivalent to a combined rotation and compression. We

note, however, that, as found by Pokrovsky and Talabov yse the calculated stiffnesses to describeBhelependence

finite temperature renormalizes the dependence of the solinelting transitiof® of the soliton-lattice.

tonline density on the parallel magnetic field, so tiiaf
/e sufficiently close to the ClI transition.

The minimized vaIue@Lle of the energy per area at
Q.=Q; is found by using Eqs(3.5) and (3.10 in Eq. (3.6)
to obtain

£ 1 o2 t [ 2 .
LiL, 275 o2\ 52

(1
Epst_t/277|21 Q<Qc

1 20,2
—5pQe(78-1), QIQc—1 (3.15

t 1

22 16

2 Q

2
) ’ Q/QC_>OO
\

We calculate the stiffness tensor by two methods. First we
calculate the stiffnesk;; that is obtained by differentiating
&IL4L, in Eq. (3.5 with respect to thé andj components of
Q, for fixed Q at the extremal, where E€3.8) is zero. Then

we calculate the stiffness tensErj obtained by calculating

the effects of fluctuations of the angle variaffler) away
from its ground-state value, E¢3.16).

We begin by calculating the stiffness tensqy from the
dependence of the ground-state enefgyg. (3.5] on the
soliton-lattice wave vectofs. The expressions we obtain
for K;j; by this method have been carried out for all values of
Q=0Q., and agree with the results obtained in Ref. 10, in the
limit Q— Q.. Because the stiffnesses involve the second
derivative of€/L L, with respect to the components @f at
fixed Q, the terms in Eq(3.5) that depend explicitly orQ
(including the term—p Q- Qs that gives the orientational
dependence of the energy per arda not contribute td;; .

Thus
The SL state energy per area is represented by the dots in

Fig. 1.

Although it is not needed for calculating the stiffnesses or

susceptibility of the SL, the SL solution fa#(r) is given
by18

sif3(6—m)]=srle-(r—ro)n&nl,  (3.18

where sn denotes the sine-amplitude Jacobian elliptic func-

tion with parameters.'® Near the CI transition, whe®

—Q,, B is very close to being a perioﬂc superposition of

single-soliton solutions, spaced apart by, so that 6(r)
~217935(r—jL3), whered.{r) denotes the single-soliton so-

lution, EqQ.(2.7). In the SL state, especially away from the ClI

transition, it is sometimes useful to work with

0(N=0(r)—Qs-r=0(r)+(Q—Qy)-r, (3.17

o;-q, esisi b2l
S
Q

=psQ¢ lim ——| =
— 90
Q—0s Qsil Qs 7

( 5ij —Qi?SJ)i-i-
Qs /Qs

4.9

Q@ Qs

=ps lim
Qs"Qs

E(n)}
X

65551' d 1

X Qc_

4.2
n

where we have used Eg®.8) and (3.10. SinceQ,=0, it
fOIIOWS thatKlzz K21=0.
Using the results of Sec. Ill, and the identity
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dk _ E(n  K(»n)
dn p1- 3
from which it follows that
d_n) __(77/2)2(1—772)<%)2
0Q.)," " Em o) @

we find that the compressional elastic constépt is equal
to

K—ll= lim i_[Q M}
Ps Qs—’as&QS ) K Q
_Q
- aQs
2 2 .
161 72) (2/’773)6“’]((21/64), Q/Q.—1
et S AN 7 Q.
(Qs6)*(Qé) n* 1—3—2(26), Q/Q.—.
(4.9

In the limit Q/Q.— 1, when the soliton lines are far apart,

K1, is very small[of order e~exp(—Lg/€); see Eq.(3.14)].

PHYSICAL REVIEW B 63 125305

fixed: i.e., the solitons lines tilt away from their equilibrium
“vertical” ( &) direction by a small anglep=Q.,/Qs,

while keeping their “horizontal separationé, - Lszfs con-
stant. This shear motion reduces the mean soliton separation
(the separation along the direction perpendicular to the tilted

soliton lineg to Li=Ls0s¢, so thatQs— Qs/cos¢. The
K,, shear corresponds to a global rotation plus a compres-
sion of the SL. Packing the solitons lines more closely to-
gether in a fixed sample area produces more total soliton line
length, which costs more soliton-line creation energy.
Because the term-psQ- Qs that contains the orienta-
tional dependence of the energy per afEg. (3.5)] is lin-
early proportional toQ;, it cannot contribute to the stiff-
nessegwhich are proportional to second derivatives of the
energy per area with respect to the componentd)fat all.
It might be supposed that the rotation of the soliton lines that
occurs upon shearing should cost energy, but this is not so,
because a shear is a combination of rotation and compres-
sion, rather than a pure rotation. The creation energy per area
of the SL near the CI transitionQ~Q.) is ps(Q:Qs
—Q-Q,), and consists of two terms. The first term
(psQ:Qs) is just the total line length of the solitons times the
line tension, divided by the total area. The second term
(—psQ-Qs) depends explicitly on the angl¢ betweenQ
andQg, and determines the orientation of the SL because it
is minimized by choosindg), along Q (i.e., »=0); thus a

The energy cost of compression very close to the Cl transidifferent choice of SL orientatiofi.e., a pure rotation of the
tion is due to the exponentially weak intersoliton interactionsoliton lineg would cost more energy. Interestingly, the sec-
energy. The energy per area due to the string tension of thénd term in the creation energy is unchanged by a shear,

soliton lines(the termpsQ.Qs) does not contribute t& 44,
although it does contribute td§,,, as we explain below.

As explained in Ref. 23, soliton lines meander at finite
temperature and are no longer straight; collisions between
meandering soliton lines produce an effective entropic repul-
sion between the solitons, that dominates the exponential r

pulsion at any nonzero temperature, flog/¢ sufficiently

because the energy cost of rotating the soliton lines is exactly
offset by the increase in total soliton line length:
—[Q(Qs/cosg)]cosp=—QQs, independent oth. The only
change in the creation energy comes from the first term,

Avhich depends only on the density of soliton lines:

p<Q.(Qs/cose). Sufficiently close to the CI transitiofi.e.,

large. This effect renormalizes the compressional stiffneswhenlL¢/¢>1), the exponentially small interactions may be

K., upwards so that it becomes proportionalTé. In the
limit Q/Q.— <, the tunneling term in the PT enerdfq.

neglected in comparison to the creation energy. es Q.
and small shearQs,/Q¢<1),

(2.1)] fluctuates on a very short length scale and averages to

zero, so that Eg2.1) becomes the isotropXY model; thus
one expect¥K; to approach the pseudospin stiffngssin
that limit.

From Eqs(3.10 and(4.1), it follows that the shear elastic

constantk,, is given by

K (2/7%)In(1le), Q/Q.—1
ShrZE N 17 Qc\* (4.6)
Ps Qs |1+ 5(;@) , Q/Q—oe.

As expected, the shear stiffneks, approaches the pseu-

dospin stiffnesgpg in the limit Q/Q.—cc. But in the limit
Q—Q., Ky, diverges af)./Qs. The origin of this effect is
that the shear motion described By, increases the total
length of the soliton lines. By definition,, describes a
shear displacement in whi€g, changes, whil&, remains

1Q5%

Qs+§Q—S

}_t/Zﬂ"Z,
4.7

&
W_’pchQs_ /27l 2~pSQC
12

so thatK,r— psQ./Qs—> as Q—Q., in agreement with
the results of Ref. 10.

The fact that bilayer phase-coherent 2LQH states can ex-
hibit a finite-temperature KT transition in the absence of in-
terlayer tunneling {—0) was discussed in earlier wotR.
Although finitet removes the possibility of a KT transition in
the commensurate phase of 2LQH systems by altering the
nature of the long-range interaction between vortices
(“merons” in this cas¢® the SL phase does support a finite-
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FIG. 5. Soliton-lattice stiffnessep,=K;; and p,=K,,, and
their geometric mean, which is proportional to the Kosterlitz-
Thouless temperaturEgr .

temperature KT transition due to dislocation-mediated melt
ing of the SL'3 As discussed in Ref. 10, the KT temperature
may be estimated as

(wl2)pe ¥ detKn)
1
__S\/KllKZZ
A1 (2/7%)Jeln®(1le), QIQ.—1
Qe |1 3%)4 Q/IQe—c*
S 64\4 Q) ¢ ’
(4.8

where we have used the zero-temperature valuek;fothat
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We now calculate an alternate stiffness terféqrby ex-
amining the effect of deviations of the angle variablg)
from its ground-state value. We writ(r) =18,(r) + 56(r),

wherefy(r) is the ground-state solution that minimizes the
PT energy[Eq. (2.1)] and therefore satisfies E(R.2), and

56(r) is the deviation of from its ground-state value. We
do not include dynamics here, because our focus is on
ground-state, rather than excited-state, properties. The PT
energy for@ is Epq 6+ 868]=Ep] 6p]+ SH, where Epr,
given by Eq.(2.1), is the PT energy from which the ground-
statefy(r) is determined via Eq(2.2), and

2

1 -~ o~ ~
SH~= [t cos0y06°+271%py(V 66)?]
2) 2m12
1( dr - - -
:—f 56t cosby—2ml%p V2] 56, 4.9
2) 2712

where we have kept terms up to quadratic ordefén There
are no terms linear inSA becausedy(r) is determined by
minimizing Epy With respect to variations if. The total

energy is minimized by choosingd from among the eigen-
values of the bracketed Schiinger-like operator in Eg.
(4.9), so that

[t cosfy— 271 2p V2] 50=E450,. (4.10

If we take Bj=B)y, so thatQ=QXx, thendy(r) depends
only onx, éH is translationally invariant in thg direction,
and we may write 5Eq(r)=exp0qyy)5?qx(x). The term
t cos, in Eq. (4.10 is periodic in thex direction, with a
period offs. As shown in Ref. 17, whefy(r) has the form

of Eq. (3.16, Eq. (4.10 becomes Lanis equation, after a
simple rescaling ok. Lameés equation has three simple so-

we calculated previously to make a rough estimate the KTions two of which have low-energy limits. The first type

temperature. As mentioned earlier, finite-temperature fluc

tuation effects can strongly renormalig;,% and may also
effect K,,. Our results agree with those of Ref. 10 in the
limit Q— Q.. We have plotted the compression#l,() and
shear K,,) stiffnesses in Fig. 5, together with the KT tem-
perature.

The KT transition would be most easily measured from
po-
sitely directed currents in each layer. This would require
double-layer electron devices with layers that could be con-

the temperature dependence of the linear response to op

of solution has zero energy and corresponds to a uniform

translation of the vortex linesi@o 36,/dx,, wherex, is the

X component of 5 in Eq. (3.16. Of greatest interest to us is
the type of solutions which have been called “vortex oscil-
lations” in the context of long Josephson junctions in paral-
lel magnetic field$® From Ref. 18, it follows that in the
long-wavelength limit,

& 1,

(4.11

tacted separately. Unfortunately, the leakage currents pro-

duced when Fhe_ir}terlayer tunne_ling is not vanishingly smallynere Ky, is equal to the compressional stiffness in Eq.

would make it difficult, perhaps impossible, to set up OPPO-(4.5), andg, is the crystal momentum along tixedirection.

sitely directed currents in each layer. However, because the AlthoughR ;=K ;. we find thatk ,,= p.# K ,,. The rea
117 ™M 11 227 MPs 22 -

SL dislocations are electrically charged, it might be possible ) ~ . .
that the KT transition could be signaled by an increase in th&0n for the discrepancy betwet, andK, is not obvious.
usual longitudinal resistivityp,,(T), measured in devices |tmay be that using;,=Q/Qfor the transverse stiffness is

with the current flowing in the same direction in both layers.valid only at very long wavelengthsy<1/Ys, ’_24 where
The increase ipy,(T) would originate from the proliferation Yst=LsVK22/Ky, is Read’s estimate of the minimuyndis-
of unbound charged dislocations above the transition tem@nce for SL dislocations to interact logarithmicalfyit is
perature. also possible thak,,, which is based on a calculation that
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assumes’d is everywhere small, is not able to describe uni- The SL magnetization may also be calculated directly
form shear, which can move solitons lines far from theirfrom the pseudospin supercurrent denSitg,,=J,—J,
equilbrium positions on the scale of the soliton line thickness=(2ps/%)V 6, and the definition of the magnetic moment.

£. The relationship betweeK,, and K,, requires further The electrical current in layers 1 and 2 is
clarification, including a stronger argument for preferring

=Y I=l;=—1,=L,(eps/h)(VO-Q). 5.
K, over K, in estimating the KT temperature. 1= 2= Ly(eps/A)( Q S
The magnetization produced by the above current is

V. IN-PLANE MAGNETIZATION thereforé®

The interlayer phase coherent 2LQH state exhibits an in- 1 . [ eps~ 1 [Lx -

plane magnetizatioM in the presence of an in-plane mag- MSL:—ZXf j ~dxdz= —ZX—J (Vo—Q)dx
e il s - LyL,d c i LyJo

netic fieldB; . The in-plane magnetization can be calculating

by differentiating the minimized ground-state energy per vol- €ps- _

ume with respect to the parallel magnetic field, == 77 2¢X(Q=Qy, (5.9

1 9  2m. 0

M= B in agreement with Eq5.3).
1= LiL,d aB)

—zx—(—), (5.1) The 2LQH interlayer phase-coherent state may be re-
¢o  IQ\Lil, .
B garded as a pseudospin-channel supercondtidthe mag-
whereé/L,L, is given by Eq(3.15. In order to carry out the netization M| is due to pseudospin supercurrents, corre-
differentiation in Eq.(5.1), we first differentiate Eq(3.10 sponding to electrical currents traveling in opposite
with respect taQ, and make use of Eq3.3), to obtain directions in each layer, which partially scregp. For Q

. . <Qc, By is maximally excluded from the region between the

in (2 2_3QS - planes; but whe®=Q,, additionalB penetrates the region

@‘ - K &“‘J“Q 1/4). (5.2 between the plates in the form of solitons that each carry a

¢ single flux quantumg¢gy=h/e (corresponding to a phase

We note here that th@?1%/4 term in Eq.(5.2 arises from  changeAd=27), leading to a precipitous decline in the
differentiating Q. in Eq. (3.10 with respect toQ; the Q ~ magnetization. The direction dfl; is opposite 0By, in
dependence o is due to the dependence of the tunnelingaccord with Lenz’s law. An exactly analogous effect occurs
matrix element on the parallel magnetic field  for magnetic fields applied parallel to narrow insulating re-
=toexp(—~QA%4), which is a single-particle effett. The  gions(Josephson junctiondetween superconductors.
tunneling part of the equilibrium energy per area will also  The contribution to the magnetization due to eepen-

give a contribution to the in-plane magnetization propor-dence of the tunneling matrix elemenis
tional to dt/9Q, again due to dependence bbn Q. It is

I)2 N

< | MgzX

g e {

o

convenient to separatel into two parts:M=Mg +M,, 1
whereMg, is calculated at fixed (t independent 0€), and M= — 5
M, arises from the&) dependence of

T Q

Q 1(4 Q)@l_

2 et Qs
7 Q. 2 Q.

Using Egs.(5.1) and (5.2) it is straightforward to show (5.9
that the SL contribution to the parallel magnetization is | the commensurate phasd,= — (M/2)(1/£)%2x Q/Q.,
and the magnitude of the tunneling contribution to the paral-

Mg =—MozX(Q=Qy)/Q:, 53 el magnetization behaves like

where /] 1-4/In(1/e), Q/Q.—1

2
=) {1
2 ( f) —(l4)? 1Q), /Q.— .
sets the scale of the SL magnetization, and the numerical 5 (MAQIQ). QI
estimate ofM,, is given for the “typical” GaAs sample de- (5.10
scribed in Sec. II. For such a sample,

M

0

Mo=2mpQc/po~0.5 Alm (5.4)

The SL magnetization is plotted in Fig. 6. It is useful to
Mod=2mpQ.d/do~10"8 A (5.5  compare the total SL magnetizatidf, to the scale of the

) ) Landau diamagnetism in gar=1 2LQH system,
sets the scale of the SL magnetic moment per unit area. Thus

magnetometers with sensitivities in the range of %0 Mo M obod d ps
—10 2 Am? would require sample areas in the range of 1 ST 16— ~01, (5.12)
mn? and 1 cm to measuréMg, . The magnitude of the SL (n/d)ug  pmgB. ¢ fra
magnetization behaves like whereug =efi/2m* is the effective Bohr magneton, and we
1—(722)/In(Lle), QIQ.—1 have made use of the parameters for the “typical” GaAs
Mg, 3 sample described in Sec. Il. This shows that the SL magne-
_0 -y 7 Z% QIQ 0 (5.6) tization is expected to be roughly an order of magnitude
64\2 Q) ¢ ' smaller than the Landau diamagnetism. It is interesting to
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FIG. 7. SL contribution to the magnetic susceptibility, which
FIG. 6. SL contribution to the magnetization, which is propor- diverges as 10— Q.)In[Q./(Q—Qy)] for Q— Q..

tional to (Qfas), and therefore drops precipitously fQ>Q..

note that the weak signals associated with orbital diamagne- XsL= '“0( JB| )
tism in two-dimensional electron systems have been mea- !
sured at high magnetic fields by torsional magnetontétry, 27d [ IM gL
superconducting guantum interference device :MOTO 9Q )
magnetometry/ and  micromechanical  cantilever !
magnetometry® The torque on the 2LQH sample in the /0.
presence of both a perpendicular and parallel magnetic field =Xo 1_5_(35)
has both a Landau-diamagnetic component; t
=(LyLyd)M B and a SL componentg=(LyL,d)M B, . p
The smallness of the parallel momeMt; is offset by the Xo(l— K—S)

11

large perpendicular magnetic fieBl in the expression for
the torque 7). The_SL magnetizatiorM g, might also be 1, Q/Q.<1
measured using high-field magnetometry techniques men- ) N
tioned above. —(712)/[eIn(1le)], QIQ.—1

It follows from Eq. (5.1) that whenM is plotted against TXo 3(7Q.\*
By, the area under the resulting curve frd=0 to By AR Q/Q¢—e,
=00 is
(5.13
1 tmy) where we have used Eg8.10 and(4.5),
MdB=——[&(Bj=»)—&Bj=0)]=| ——-|
fo ”” LXLyd[ ( H : ( H ] (27T|2d>3=0 2 2 d Ps —7
(512 X0=,U,0(27T/¢0) psd=4'n'a érl— m ~3X%X10 y
(5.19

where (m,) is the ground-state expectation value of the 544 the numerical estimate @b is given for the “typical”
component of the pseudospin order parameter, which has @aas sample described in Sec. II. Here-1/137 is the fine-
value of y1—m; in the HFA, so thatm,)=1 (in the HFA)  structure constant. We plot the susceptibility in Fig. 7. Note
when the layers are balanceoh(=0). Thus the area under that near the CI transition, the susceptibility diverges like
the M versusB) curve may be regarded either as a measurei/(Q—Q,), with logarithmic corrections.
ment of t (if quantum fluctuations in the ground state are |t might be possible to measure the SL magnetization or
neglectedi or as a measure of order-parameter suppressiogven the SL magnetic susceptibility by varying the gate volt-
(of m,) due to quantum fluctuatiofis(if t can be measured ages of the sample, in order to adj@t and tune close to
separately. the Cl transition. Measuringg, might be possible using ac
Equations (5.3 and (3.14 show that Mg, =—M,z  modulation of the gate voltages in order to ac modulate the
XQIQc=—(xo/mo)B in the commensurate phaseQ( layer imbalancem, and therefore the critical wave vector
<Q,), Wherexo=uo(27/ ¢o)?pd sets the scale of the SL Q.. By such a method, the ratiQ/Q, could be ac modu-
contribution to the magnetic susceptibility. The SL contribu-lated just above and below unity, allowing, to be deter-
tion to the parallel-field magnetic susceptibility is defined formined at or near the Cl transition. As an example, we com-
fixed t (independent of)): pute here that part afM g /dm, which is proportional toy g,
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Mg Q. IMg_ We found that the SL contribution to the orbital magneti-
am,  am, dQ zation rises in the commensurate pha®e(Q.) with Q, and
z z e quickly drops to zero in the incommensurate phage (
dQ:. Q IMg. >Q.). An estimate of the size of the SL magnetization
- gm, Q. dQ shows that it could be detected by sensitive magnetometry

techniqueg®-28The SL magnetic susceptibility shows a sin-

1 ¢ dQ; Q m, Mg Q ( Ps ) gularity atQ=Q., and it was proposed that this signature of
= XSS 5 5 A w1 the CI transition might be detected by varying the gate volt-
27d dm -m? 2 K -
#o 2md Im; Qc 1-m; 2 QclKu ages so as tune close to the CI transition.
(5.15 The longitudinal and transverse SL stiffnesses were com-

puted and used to estimate the temperature of the KT transi-
tion, which might be indicated experimentally by an increase
in p,y at the transition. A more sensitive signal of the KT
transition would be obtained by measuring the transresistiv-
ity (Coulomb dra@ as a function of temperature, although
this would require separately contactable layers. However,
the leakage currents produced by any sizable interlayer tun-
neling might make it impractical to set up oppositely directed
currents in each layer.

In this paper, we have largely neglected the existence of

where we have used E(.1]) in the last line. Equation
(5.15 shows thavM g, /dm, has a contribution proportional
to xs., which diverges likepi/K; near the CI transition.
However, Eq.(5.15 vanishes for balanced layers{=0);
thus layer imbalance is required to measdhdg /dm,. It
turns out that when the layers are not balanaag#0), the
solitons have a nonzero electric dipole moment per lefyth;
this changes the intersoliton repulsion from being exponen
tially weak to being a power law. The net result is that the
stiffnessK; near the CI transition is strengthened from be'disorder. As pointed out by FisHérand discussed by
ing essentially linear in@—Qc) to being proportional 0 g {10 randomness in the tunnelirigdue, for example, to
VQ—Qq, so that the divergence igs. becomes an inverse gma| variations in the barrier thickness, pins the SL domain
square-root singularity. In real samples, we expect this sinyq|is randomly and destroys the long-range order, no matter
gularity to be smoothed out by finite temperature and disory,ow weak the randomness. This puts limits on how clogely
der. _ _ _ o can approacl). — i.e., how smalle can be.

In practice,m, is varied by adjusting gate voltages. Fora e have not discussed here the dynamics of the solitons
small changesVs in a gate voltage away from balance __ ¢ the motion of individual solitorié or the collective
(m,=0), the change>m, in the layer imbalance is linearly motion of the SL(Ref. 33—which also produce experimen-
proportional t0éVe. For the "typical” GaAs sample de-  tg] signatures of the incommensurate SL state. We have fo-

scribed in Sec. II, a rough estimate indicates that cused instead on ground-state properties. One of us has re-
oy cently found that when the layer densities are made unequal
Sm,~ —G~35VG IV, (5.16 by adjusting the gate voltages of the devikeeping the total
eDgnr/(€r€o) filling factor equal to ong the layer densities in the SL state

if we takeDg=10"° m to be the distance between the gatePecome “rippled,” resulting in a dipole density waiPre-
and the double layers. There is an additional complication ifiminary calculations show that the sudden onset of such a
changing the layer imbalance by adjusting one of the gatéiPpled SL state may give large contributions to the differen-
voltages. Unless both the back and front gates are adjustdtpl capacitance of 2LQH systems, especially for the inter-
together in a coordinated way, the change in gate voltager capacitancé Eisenstein ratio”).”" Further work on
V¢ will also change the total filling factor; by an amount the properties of the rippled state is in progress, but it may be

Svr, where that sensitive measurements of differential capacitance in un-
balanced ¢,# v,) 2LQH systems could detect the CI tran-
5 oVg LESVA IV - sition.
VTNeDGnT/(Grfo)N ' ¢ ' ( ' D
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